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1. INTRODUCTION 
We denote the vertex and edge sets of a multigraph M by v(M) and 
E(M), respectively. An (edge) coloring of a multigraph is an assignment of 
colors to its edges in such a way that no two adjacent edges are assigned 
the same color. The chromatic index x’(M) of a multigraph M is the 
minimum number of colors used among all possible colorings of A4. Shan- 
non [ 13) proved that for any multigraph A4 with maximum degree d(M), 
d(M) <X’(M) d 1. d(M), while Vizing’s theorem [14] states that the 
chromatic index of a (simple) graph G is either d(G) or d(G) + 1. Although 
the general problem of determining the chromatic index of a graph (and 
therefore of multigraphs) is NP-complete (Holyer [6]), some good results 
have been obtained by considering special families of graphs of multigraphs 
where the x’ invariant behaves more predictably. 
For any multigraph A4, let t(M) = max,(2 IE(H)(/( 1 V(H)1 - l)>, where 
the maximum is taken over all induced submultigraphs of A4 which have 
an odd number of vertices, and let 4(M) = max{d(M), [t(M)]). It is easily 
verified that x’(M) 2 4(M) ( see Theorem B). For graphs which have 
maximum degree “close to” the number of vertices, this inequality becomes 
an equality (Plantholt [lo, 111, Chetwynd and Hilton [2, 31). In fact, it 
has been conjectured [2] that if G is a graph with d(G) 2 ( I/(G)l/2, then 
X’(G) = 4(G). 
A similar situation occurs when we consider bipartite multigraphs, 
whose chromatic index was determined by Konig. 
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THEOREM A (Konig [7] ). x’(B) = A(B) for any bipartite multigraph B. 
It is easy to check that t(B) 6 A(B) for any bipartite multigraph B. Con- 
sequently, Konig’s Theorem implies that any bipartite multigraph B has 
chromatic index Qs( B). 
Call a multigraph A4 nearly bipartite if M is not bipartite but contains a 
vertex whose deletion yields a bipartite multigraph. We extend Konig’s 
theorem by proving that any nearly bipartite multigraph M has 
X’W) = NW. 
2. BACKGROUND 
We will use the following coloring results. 
THEOREM B [l]. If ) V(M)1 =2n + 1 and [E(M)1 >n. A(M), then 
x’(M) > A(M). More generally, for any multigraph M, x’(M) 2 4(M). 
A color class of a colored multigraph A4 is the set of all edges of A4 which 
are assigned one designated color. A nonincreasing sequence 
F= (fi ,fi,..., fm) of nonnegative integers is said to be feasible for the mul- 
tigraph M if it is possible to color A4 with colors a, ,..., a, in such a way 
that fi is the cardinality of the color class assigned the color ai, for each 
i = l,..., m. The following theorem was obtained independently by Folkman 
and Fulkerson [4] and McDiarmid [S]. 
THEOREM C. If the nonincreasing sequence F = ( f 1 ,.,., f,,,) is feasible for 
M, then so is any nonincreasing sequence F’ = (f; ?..., f h) such that 
n>m, ffi= ffi and $‘fi<$‘h fork=1 ,..., m-l. 
i= 1 I=1 i=l i= 1 
Note that if a multigraph M is m-colorable, then by Theorem C there is 
an m-coloring of G in which the cardinalities of any two color classes differ 
by at most one. 
For a given nonincreasing sequence F = ( fi ,..., fm) and a nonnegative 
integer f, let f * =max(ilf,>f)iffff,,andletf*=Ootherwise.Thus,f* 
gives the number of entries from the sequence F which are greater than or 
equal to j A key to our approach will be the following result, which was 
first proven by Folkman and Fulkerson [4]. 
THEOREM D. Let fi=f2= --- =fh>fh+l=fh+z= --. =fm, and let B 
be a bipartite multigraph with I E(B)1 = c;“= 1 f *. Then the cardinality 
sequence F = ( fi ,..., f,) is feasible for B tf and only if I E( B - X)1 >/ 
l$= 1x1+ 1 f* for all XC V(B). 
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3. RESTATEMENT IN TERMS OF FEASIBLE SEQUENCES 
Denote the degree of a vertex u in a multigraph A4 by d(u, M). For any 
subset X of V(M), let I/-- X denote the multigraph obtained from A4 by 
deleting the vertices in X (and their incident edges). Call the nearly bipar- 
tite multigraph A4 v-balanced (or simply balanced) if deletion of the vertex o 
results in a bipartite multigraph whose partite sets have equal cardinalities. 
Now let M be a u-balanced nearly bipartite multigraph with 
1 V(M)1 = 2n + 1, 4(M) = p, and /E(M)/ = n-p. We define a bipartite mul- 
tigraph and cardinality sequence as follows. Let M- u have partite sets 
u= { U1,...) u,> and W= { w1 ,..., w,l,, and let Y and s be the numbers of 
edges joining ZI to U and IV, respectively. Without loss of generality, 
assume Y \<s. Then the bipartite multigraph B, is obtained from M by 
adding a new vertex y joined to Wj with p - d(Wj, M) edges for each j and 
then deleting all edges between u and W. Let F, = (S,,...,f,, be the 
sequence with 
1 
n+l for i<r 
J;.= n for r+ 1 <i<p-s 
n-l for i>p-s. 
An example of this construction is given in Fig. 1. 
The proof of Lemma 1 below for the special case 4(M) = d(M) = n 
appeared in [ 121. 
“5 
M: 
“4 
“3 
“1 
FIG. 1. A nearly bipartite multigraph and its related bipartite multigraph, with 
r = 2, s = 2, and p = 4. Here x’(M) = 4 if and only if FM = (6, 6,4,4) is feasible for B,. 
n = 5, 
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LEMMA 1. Let A4 be a v-balanced nearly bipartite multigraph with 
1 V(M)1 = 2n + 1, 4(M) = p, and IE(M)I = n * p. Then x’(M) = p if and only 
if F, is feasible for B,. 
ProoJ: First, assume that x’(M) = p, and consider any p-coloring of M 
using the colors a, ,..., aP. As any color class of M can have cardinality at 
most n and 1 E(M)1 = n. p, each color class in this coloring of M must con- 
tain exactly n edges. 
Now assume without loss of generality that the r edges of the form vu, 
are colored a, ,.,., a,, respectively. Let W denote the set of vertices 
tw 1 ,**-, w,}. Then for each j= l,..., r there must be exactly one vertex 
w(j) E W which is not incident with any edge colored aj, so we can extend 
the coloring of A4 by adding an edge between w(j) and the added vertex y, 
and assigning the edge color aj. Next delete each edge of the form vwi. 
After doing so, we have obtained the bipartite multigraph B,,, which has 
inherited a coloring with the desired cardinality sequence F,. 
Conversely, assume that the cardinality sequence F, is feasible for the 
bipartite multigraph B,, and consider a coloring which realizes this 
sequence with the colors ct, ,..., aP, respectively. Then for each i = l,..., r, the 
color ai is assigned to one of the r edges in B, incident with v and one of 
the r edges incident with y, since fi = n + 1 for 1 < i < r. Letting di denote 
the number of edges joining v and Wj in A4 for j= l,..., n, and letting A, 
denote the set of colors which are not assigned to an edge incident with w, 
in B, we see that ) Aj 1 = dj and, if a, E Aj, then p - s < k 6 p. Moreover, as 
fk=n- 1 for each k>p- s, only one vertex from W can be missing color 
ak, so that A i n Aj = @ if i #j. Consequently, we may add dj edges between 
v and Wj and assign each such edge a different color from Aj for j = l,..., n. 
Now delete the vertex y from B,. The result is a valid p-coloring of the 
multigraph M, as required. 1 
An illustration of the construction of the bipartite multigraph B, from a 
nearly bipartite multigraph M is given in Fig. 1. 
The transformation from Lemma 1 can now be used in conjunction with 
Theorem D to determine the chromatic index of nearly bipartite mul- 
tigraphs. 
LEMMA 2. If A4 is a v-balanced nearly bipartite multigraph with 
1 V(M)( = 2n + 1, #(M) = p and \E(M)J = n * p, then x’(M) =4(M). 
Prooj By Lemma B we know that x’(M) > 4(M). Suppose 
x’(M) > 4(M). Since x’(M) > 4(M) = p, by Lemma 1, F, is not feasible for 
BM. We now obtain a contradiction in each of the following two cases. 
Case 1. d( v, M) = p. 
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Now r+s-=p so that fi =n+ 1 for i<r andfi=n-1 for i>r. Because 
I;M is not feasible, by Theorem D there exists a set Xc V(B,) such that 
VW4 - -VI < zy=‘,‘,, + 1 f*. Moreover, B, has np - (S-Y) edges and so 
since d (B,) < p, 
IE(B,-X))anp-(s-r)-(X1.p. 
But if 1x1 < n, then 
fZ+1 
c f*=(n- l- lXl)-p+2rd jE(B,-X)(. 
f= IX1 + 1 
Consequently, we must have (XI = n. A similar argument reveals that 
neither v nor y is in X. 
As before, let W= { w1 ,,.., w, > and now let U = (ul ,..., u,}. The above 
arguments show that IXn(Uu IV)/ =n. Let IXnUI =a (so 
(Xn WI = n - a), let U’ = Xn U and let w’ = VX. The submultigraph H 
of M induced by the vertex set (U > u U’ u w’ (which has cardinality 
2a + 1) will be used to obtain the contradiction t(M) > p. 
Let k denote the number of edges in M between u and vertices in w’. 
Then 
1 d(w, B,)=ap-k. 
WE w 
We introduce the following notation: z is the number of edges in A4 
between v and vertices in u’, m, the number of edges in B, between y and 
vertices in IV’, q, the number of edges in M between the vertex sets IV’ and 
fvg. 
Then, by the construction, the number of edges in H’ is given by 
(up-k)+k+z-m-q. 
However, 
m+q+(r-z)=jE(B,-X)] <r, 
so that z-q-m >O. Therefore, H’ is a submultigraph of A4 with 
1 V(H’)l = 2a+ 1 and IE(H’)l > up so that t(M) >p = 4(M), a contradic- 
tion. 
Case 2. d( v, M) < p. 
Now r + s < p, so that each of the cardinalities n + 1, n and n - 1 appears 
in the sequence FM and Theorem D is not directly applicable. Define a new 
cardinality sequence FM = (f\ ,..., f~p-nr-s+,.), where fi=n+ 1 for i<r 
and fi = 1 otherwise. Note that Zfi = Cfi. 
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We claim that FL is feasible for B, if and only if FM is feasible for II,,,,. 
Certainly if FM is feasible, then so is FL by Theorem C. Now assume that 
FM is feasible for B,. Then there exist r mutually disjoint sets S1 ,..., S, 
of independent edges in I?,,,,, each with cardinality n + 1. Since 
( V(B)1 = 2n + 2, each of these sets must be incident with every vertex of 
I?,. Therefore the multigraph I$,, obtained from BM by deleting the edges 
in u;= 1 Si is a bipartite multigraph with maximum degree p - r and 
np -nnr --s edges. By Kiinig’s Theorem and Theorem C, the cardinality 
sequence (g, ,..., g, _ ,.) is feasible for the multigraph Ba, where gi = n for 
i<p--s-r and gi= n - 1 otherwise. Any coloring of B;, with this 
cardinality sequence can then be augmented to a p-coloring of B, with 
cardinality sequence FM by assigning one new color to each of the sets 
s 1 ,“‘, S,, so the claim is proved. 
Recalling that FM is not feasible we can now conclude that F” is not 
feasible for B,. Finally, using the sequence FL in place of F,, the proof 
used in Case 1 leads to the contradiction of t(M) < 4(M), as before. 1 
4. CHROMATIC INDEX OF NEARLY BIPARTITE MULTIGRAPHS 
To extend the result of Lemma 2 to include nearly bipartite multigraphs 
with any number of vertices and edges, some additional preliminary results 
are required. Let M be a multigraph with t(M) = 4(A4) = p. A sub- 
multigraph H of M with an odd number 2h + 1 of vertices is a saturated 
submultigraph of A4 if jE(H)\ = h * p. By the definition of t(M), M must 
contain at least one saturated submultigraph. 
LEMMA 3. Let M be a multigraph with t(M) = qS(M) = p and let H be an 
induced saturated submultigraph of M with 2h + 1 vertices such that 
f(H) = p. Let M’ be the multigraph obtained from M by identifying all ver- 
tices of H. Then f(M) = p if and only if X’ (M’) < p. 
Proof First, assume that f(M) = p and consider any p-coloring of M. 
This also induces a coloring of H in which each color class has cardinality 
h, since H is saturated, so that in the coloring of H each color is absent 
from the set of incident edges of exactly one vertex. Therefore no two edges 
of M which are incident with vertices of H but not in H have been assigned 
the same color, and the identification of the vertices of H yields a valid 
coloring of M’ without reassigning the colors on any edges. A similar 
argument proves the converse of the theorem. 1 
Lemma 3 is illustrated in Fig. 2. 
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M: 
“4 
H: 
- 
35 
w5 
w4 
X 
FIG. 2. Identification of the vertices in a saturated submultigraph, with p = 4. 
LEMMA 4. Let M be a balanced nearly bipartite multigraph. Let 
t(M) = d(M) and let H be a saturated submultigraph of M. Let M’ denote 
the multigraph obtained from M by identifVing the vertices of H. Then M’ is 
either bipartite or balanced nearly bipartite, and #(Ml) < 4(M). 
Proof: Let p = +4(M). Let v be a vertex of M such that M - {v > is a 
balanced bipartite multigraph, and denote the two partite sets of M- (v] 
by U and W. Finally, let ( V( H)( = 2h + 1, so that (E( H)I = h . p. If M’ is not 
bipartite, we consider two cases. 
Case 1. v is not in H. 
In this case, H is bipartite, so that both 1 V(H) n UI and 1 V(H) n WI 
must be at least h, for otherwise H would have at most (h - 1). p edges. 
Let x denote the vertex of M’ which is obtained by identifying the vertices 
of H. If I V(H) n U/ = h + 1, then each vertex of V(H) n W must have 
degree p in H, so that M’ will be balanced with underlying bipartite vertex 
parts given by rr\ V(H) u (x} and v V( H). Similarly, if ) V(H) n WI = 
h + 1, then each vertex of P(H) n U must have degree p in H, so that M’ is 
balanced with underlying bipartite vertex parts given by rr\ V(H) and 
www ix>. 
Case 2. v is in H. 
Again both ) V(H) n Ul and ) V(H) n WI must be at least h, for otherwise 
v is adjacent to p edges in either U or W thus making the original mul- 
tigraph M bipartite, a contrc &!iction. Therefore M’ is balanced nearly 
bipartite since M’ - {x} is a balanced bipartite multigraph. 
Thus in either case, the multigraph M’ resulting from the identification 
of the vertices of H is balanced nearly bipartite. 
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To see that d(M’) < 4(M) it is necessary only to show that the vertex x 
of M’ has degree at most p. Recalling that CZE V(HJ d(z, H) = 2h - p, by the 
maximum degree restriction the multigraph A4 can have at most 
(2h + 1) p - 2hp = p edges from vertices in H to vertices which are not in 
H. This verifies that d(x, M’) 6 4(M). 
Finally, suppose that t(M) > 4(M) and let R’ be a submultigraph of M’ 
such that 2 jE(R’))/( 1 V(E)1 - 1) > p. Obviously R’ must contain the vertex 
X. If R is the submultigraph of A4 induced by the vertex set 
V(R) = V(R’)\{x} u V(H), then 
1 V(R)1 = 1 V(R’)I + 2h and IJWU = IW’)I + hp. 
Thus 
2 IE(R)I = 2 (E(R’)I + 2hp > p( I V(R’)I - 1) + 2h - p 
= PO W)l - 11, 
so that t(M) > p, a contradiction to the definition of 4(M). Consequently 
t(M) < 4(M), as desired. 1 
THEOREM 1. If M is a balanced nearly bipartite multigraph, then 
X’W) = fw). 
Proof: By Theorem B, x’(M) > 4(M). It remains to show that 
x’(M) < 4(M). We proceed by induction on the number of vertices in M. 
The result is easily verified for all multigraphs with 1 or 3 vertices, so 
assume the result is true for all balanced nearly bipartite multigraphs with 
fewer than I V( M)( vertices. 
Let I V(M)1 = 2n + 1 and 4(M) = p. If t(M) = p, let H be an induced 
saturated submultigraph of A4 such that I V( H)I = 2h + 1 and (E( H)I = hp. 
By Lemma 2 we have x’(H) = p so that, by Lemma 3, x’(M) = p if and only 
if x’(M) 6 p, where M’ is the multigraph obtained from M by identifying 
the vertices of H. Thus I V( M’)) < I V(M)1 and, by Lemma 4, M’ is a bipar- 
tite or balanced nearly bipartite multigraph with #(M’) < p. By the induc- 
tion hypothesis, x’(M) < p so that x’(M) = p as desired. 
Finally, suppose that t(M) c p. Let u be a vertex of A4 such that A4 - (u} 
is a balanced bipartite multigraph with vertex sets U and IV. Because 
(E( M)I < np, there exist vertices u E U and w  E W which have degree less 
than p in M. Let M1 be the multigraph obtained from A4 by adding an 
additional edge between u and w. Obviously, if x’( M, ) = p then x’(M) = p. 
But by construction #(M,) < p. We may continue in this fashion until a 
multigraph Mj is obtained such that t(M,) = p. The preceding analysis then 
shows that X’( Mj) = p and SO x’(M) = p. 1 
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The result for the chromatic index of any nearly bipartite multigraph M 
is now immediate since we can add isolated vertices to make A4 balanced 
without changing x’(M) or 4(M). 
THEOREM 2. For any nearly bipartite multigraph A4, f(M) = 4(M). 
A (simple) graph G is said to be in Class 1 if x’(G) = d(G) and in Class 2 
if x’(G) = d(G) + 1. A connected graph G is called critical if G is in Class 2 
and x’(G - e) < x’(G) for any edge e of G. Clearly the previous results 
characterize those nearly bipartite graphs which are critical. 
COROLLARY. Let G be a nearly bipartite graph with maximum degree p. 
Then G is critical if and only if there exists an integer n such that 
1 V(G)/ = 2n + 1, [E(G)/ = pn + 1 and 2 JE(H)J/( 1 V(H)1 - 1) d p for any 
proper subgraph H with an odd number of vertices. 
Theorem 2 does not extend to multigraphs which require the deletion of 
two vertices in order to be made bipartite. For example, the multigraph 
M* obtained from the Petersen graph by removing one vertex is such a 
graph, but &M*) = 3 and x’(M*) = 4. It is not known if such multigraphs 
satisfy the following major open conjecture, which has been proposed by 
several authors independently. 
Conjecture [ 51 For any multigraph M, x’(M) 6 b(M) + 1. 
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